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ABSTRACT 


In  this  paper  a  new  subset  selection  rule  for  selecting  a  subset  containing 
the  least  probable  multinomial  cell  is  defined.  The  rule  is  shown  to  be 
trininmif  and  admissible  in  the  class  of  rules  which  have  a  preassigned  proba¬ 
bility  of  at  least  P*  of  selecting  the  least  probable  cell  provided  that  P* 
is  sufficiently  large.  The  loss  used  is  the  number  of  non -best  cells  selected. 


A  Minimax  and  Admissible  Subset  Selection  Rule 
for  the  Least  Probable  Multinomial  Cell 

1.  INTRODUCTION.  In  this  paper,  subset  selection  problems  for  the  multinomial 
distribution  are  considered.  In  these  problems,  the  aim  is  to  select  a  non¬ 
empty  subset  of  the  cells  wnich  contains  the  cell  with  the  lowest  cell  probability. 
Having  restricted  attention  to  rules  v.'hich  have  a  high  probability  of  including 
the  least  probable  cell,  the  goal  is  to  find  a  rule  which  effectively  excludes 
the  cells  associated  with  the  larger  cell  probabilities.  This  leads  to  the 
use  of  the  number  of  non-best  cells  selected  as  a  measure  of  the  loss  to  the 
experimenter.  In  this  paper,  a  subset  selection  rule  is  presented  which  is 
minimax  and  admissible  for  this  problem.  The  rule  is  simple  and  easy  to  imple¬ 
ment  and  in  some  cases  is  similar  to  a  rule  proposed  and  studied  by  Nagel  (1970). 

Alam  and  Thompson  (1972)  considered  the  problem  of  selecting  the  single 
least  probable  cell.  The  subset  selection  problem  for  the  multinomial  distribu¬ 
tion  has  been  previously  considered  by  Gupta  and  Nagel  (1967) ,  Nagel  (1970) , 
Panchapakesan  (1971)  and  Gupta  and  Huang  (1975).  Berger  (1979b)  described  a 
class  of  ninrrax  multinomial  selection  riles.  Minimax  selection  rules  for 
multinomial  and  ether  distributions  hove  been  considered  by  Berger  (1979a)  and 
Bjcmstad  (1978).  Berger  and  Gupta  (1970)  found  minimax  and  admissible  subset 
selection  rules  for  location  parameters  but  the  class  of  selection  rules 
considered  was  restricted.  To  this  author's  knowledge,  this  is  the  first 
time  minimax  and  admissible  subset  selection  rules  have  been  derived  for  the 
multinomial  or  any  other  problem. 

Section  2  contains  the  necessary  notation  for  a  formulation  of  the  problem. 

The  selection  rule  is  defined  in  Section  3.  The  minimaxity  and  admissibility  of 
the  rule  is  proven  in  Section  4. 
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2.  NOTATION  AND  POIM1LATICW.  Let  X  =  (X^,  ...»  X^)  be  a  multinomial  random 
k 

vector  with  £i=1  *  n.  £  and  ^  will  denote  vectors  in  the  sample  space  of 

t- 

Let  p  =  (p,,  p^)  be  the  unknown  cell  probabilities  with  p^  a  1.  The 

ordered  cell  probabilities  will  be  denoted  by  <_  ...  <_  •  The  goal  of 

the  experimenter  is  to  select  a  subset  of  the  cells  including  the  best  cell, 
the  cell  associated  with  pr^.  A  correct  selection,  CS,  is  the  selection  of  any 
subset  which  contains  the  best  cell. 

v 

The  action  space  A  for  a  subset  selection  problem  is  the  2  -  1  non-empty 

subsets  of  {1,  2,  ...»  k}.  In  general  a  selection  rule  is, for  each  jc,  a 
probability  distribution  cn  A.  But  as  described  in  Berger  (1979a),  for  our 
purposes  a  selection  rule  can  be  defined  by  the  individual  selection  probabilities 
tf(x)  *  (v.  (x) ,  ...»  \\_G0).  where  C- 00  is  the  probability  of  including  the  itJl 
coll  having  observed  £  =  x.  A  necessary  and  sufficient  condition  on  4*  to 

insure  the  existence  of  selection  rule  which  always  selects  a  non-empty  subset 

% 

is  7‘.  ,  >t.  (x)  >  1  fer  all  x. 

Let  P*  be  a  preassigned  fixed  number  such  that  1/k  <  P*  <  1.  As  is 
tradition  ct-i.  f  oii-'.y  selection  rules  to  be  considered  are  those  which  satisfy 

the  P* -condition,  vie.,  inf  P,(CS|o)  >_  P5.  The  set  of  all  selection  rules 
which  satisfy  the  ?*- condition  will  be  denoted  by  Z)pJk. 

The  less  to  bo  used  herein  is  the  number  of  nor.-best  cells  selected,  S' . 

A  non-best  cell  is  any  cell  for  v.Mch  p.  >  Thus  the  risk  for  a  selection 

rule  i|i  at  a  parameter  point  n,  i.e.,  the  expected  number  of  non-best  cells 
selected,  can  be  calculated  from  the  individual  selection  probabilities  by 
E.jCS’l*)  -  lieafp^iCX)  where  a(£)  -  (i  e  d,  2,  ...,  k}:  ^  >  PCl]>*  This 
definition  of  the  loss  ard  risk  differs  from  the  definition  used  elsewhere  (see 
e.g.  Berger  (1979a))  if  p-^-,  =  p, ^  hut  it  ?~rees  vrith  the  usual  definition  if 
r  <  and  lias  the  advantage  of  being  per  utatianilly  invariant.  It  is 

easily  checked  that  the  minimax  and  admissible  selection  rule 
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to  be  derived  herein  is  also  minimax  and  admissible  for  the  definition  of  S' 
used  in  Berger  (1979a). 

The  subset  selection  problem  as  defined  above  is  invariant  under  the  group 
of  permutations  on  the  sample  space.  See  Ferguson  (1967)  for  the  general 
definitions  of  invariance.  If  a  selection  rule  is  invariant  under  the  group  of 
permutations  then  these  two  relationships  are  true  about  the  individual 
selection  probabilities:  (1)  For  every  i  c  (2,  ...»  k)  and  every  x,  4^  (x)  *  ♦jty) 
where  y1  -  x^,  «  Xj^  and  y.  =  x^  for  j  not  equal  to  1  or  i;  and  (2)  For  every 

i  e  (1,  ...,  k},  ^(jc)  =  il^ty)  where  xA  =  yi  and  (yr  ...,  y^,  yi+1,  yk) 
is  a  permutation  of  (x^  ....  x^,  xi+1,  ...»  x^).  Permutationally  invariant 
selection  rules  will  be  of  interest  since,  by  Theorem  2,  page  156  of  Ferguson 
(1967),  a  selection  rule  is  admissible  in  the  class  of  all  selection  rules  if  it 
is  admissible  in  the  class  of  invariant  selection  rules. 

Finally,  some  results  involving  Schur  functions  and  stochastic  majorization 
will  be  used  in  the  subsequent  sections.  All  the  notations,  definitions  and 
conventions  will  be  as  presented  in  Proschan  and  Sethuraman  (1977)  and  Nevius , 
Proschan  and  Sethuraman  (1977)  and  will  not  be  repeated  herein. 


3.  A  CLASS  OF  SELECTION  RULES.  In  this  section  a  class  of  selection  rules  is 
defined.  The  form  of  these  it'  os  is  examined  and  the  fact  that  these  rules 
satisfy  the  P* -condition  for  certain  values  of  P*  is  proven. 

Selection  rules  of  the  following  form  will  be  examined.  Let  0  <  c  <  1 
be  a  fixed  constant.  Define  the  individual  selection  probabilities  by 


(3.1) 


♦w 


Ije=lC 


<  M 
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where  the  numbers  0  <  a  <  1  and  0  <  M  <_  k  -  1  are  chosen  so  that  ♦*Q()  ■  P* 
where  ■  (1/k,  ...»  1/k).  The  defined  by  (3.1)  satisfy  the  invariance 
property  (1)  of  Section  2  so  in  the  future  all  the  discussion  will  be  in  terms 
of  Now  further  constraints  will  be  placed  on  c  which  will  further  limit 
the  form  of  For  each  define  A(^)  *  {jc:  »  y^  and  •••»  x^)  is  a 

permutation  of  (y2»  y^)}. 

Lenina  3.1.  There  exists  e  >  0  such  that,  if  1  -  e  <  c  <  1,  then 

”  x. 


(3  2) 


rk  1 

1  ^  <  t  or  ■  t  and  c  J  <  M 
*iQ&)  ■  ■ «  $  *  Aty) 


lo  otherwise 


for  some  t  e  (0,  ...,  n)  and  some 

k  xi 

Proof.  Let  f(c,  jc)  ■  Zj»2c  J '  Clearly  f(c,  $)  ■  f(c,  ^)  for  every  c  if 

jc  e  Aty) .  The  lercra  will  be  true  if  the  following  tv©  facts  are  true  for  every 

1  -  e  <  c  <  1:  (i)  f (c,  x)  +  f(c,  $  if  jc  t  A(jr)  and  (ii)  f(c,  jc)  >  f(c,  jr)  if 

xi  >  yi*  see  ***  $  ^  X  with  X  ^  A($*  1^ien  f(c*  $  ^  f(c>  $  are 

two  different  polynomials  in  c.  Hence  f(c,  jc)  •  f(c,  jr)  for  only  a  finite  number 
of  values  for  c.  But  f(l,  jc)  *  k  -  1  -  f(l,  jj).  So  there  exists  e  >  0  such 
that  ifl-e<c<l  then  f(c,  jc)  j*  f(c,  j£).  By  considering  all  such  pairs 
jc  and  %  (there  are  only  a  finite  number  of  such  pairs  in  the  sample  space) 
and  taking  the  minimum  e  obtained,  an  e  >  0  which  works  for  any  pair  jc  and  ^ 
is  obtained.  To  see  (ii),  note  that 

at  f<c>  *>lc-i  *  JjVj  IjV,  ■  at  f(c>  lc-i  • 
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Since  f(c,  £)  and  f(c,  ^)  are  continuous  functions  of  c,  inequality  (i) 
implies  either  f(c,  $)  >  f(c,  $  for  every  1  -  e  <  c  <  1  or  f(c,  jc)  <  f(c,  y) 
for  every  1  -  *  <  c  <  1.  The  inequality  of  the  derivatives  implies 

f(c,  $)  >  f(c,  X)'  H 

Note  that  every  value  of  c  satisfying  1  -  e  <  c  <  1  gives  rise  to  the  same 
ordering  of  the  $'s.  That  is  if  the  jc's  in  the  sample  space  were  to  be  ordered 
according  to  the  value  of  the  function  j  ,  the  same  ordering  would  result 

from  every  c  satisfying  1  -  e  <  c  <  1.  Thus  (3.2)  defines  only  one  selection 
rule,  not  different  selection  rules  for  different  values  of  c. 

Henceforth  it  will  be  assumed  that  c  has  been  chosen  so  that  has  the 

form  given  in  (3.2). 

To  insure  that  the  selection  rule  <|>*  will  always  select  at  least  one  cell, 
the  individual  selection  probabilities  must  satisfy  [J.j.  <!>*($)  >  1  for  811  £• 

This  will  be  true  if  P*  >  P  (X.  <  n/k)  +  P  QC  *  (n/k,  ...,  n/k))/k.  This 

~  Eo  A  KO  . 

lower  bound  converges  to  1/2  as  n  ^  -.  Thus  the  rule  ♦*  cannot  be  used  for 
very  small  P*.  In  practice  P*  is  usually  chosen  to  be  near  one  so  this  is  not 
a  serious  restriction.  In  the  following  theorem  the  range  of  possible  P*  values 
is  restricted  even  further  in  order  to  ensure  that  **  satisfies  the  ^-condition. 

Theorem  3.1.  Let  P*  >  P„  (X.  <  n(k  -  l)/k).  Then 

-  £o 

inf?  Pp(CS|**)  -  inf^  <!$($)  -  ♦{($  »  P* 

where  Pl  -  (jj>:  Px  "  P[13>* 

Proof.  The  first  equality  is  true  by  the  invariance  of  +*.  The  last  equality 
is  true  by  the  definition  of  **.  The  last  equality  is  true  by  the  definition 
of  Only  the  middle  equality  remains  to  be  proven. 


Let  p  e  Define  p'  by  =  ...  «  p£  ^  and  *  1  -  (k  -  l)p^.  First 

^  X 

it  will  be  shown  that  E  ip*(X)  >_  E  , ipj  Q() .  Since  c  >  0,  c  is  a  convex  function 

rk  xi  *\i 

of  x.  Thus  i^_2c  is  a  Schur  convex  function  of  (X2,  ...»  x^) .  Thus 
<|»J(t,  x2,  ...»  x^)  is  a  Schur  concave  function  of  (x2,  ...,  x^)  on  the  set 
{(x2,  •••,  x^):  =  n  '  The  conditional  distribution  of  (X2,  . .., 

given  X^  *  t  is  a  multinomial  distribution.  So,  by  Application  4.2a  of 
Nevius,  Proschan  and  Sethuraman  (1977),  Ep(<|>*(X)  |X^  *  t)  is  a  Schur  concave 
function  of  (p2,  ....  Pk)  for  fixed  pr  Thus  Ep(iJ>*Qp  ^  =*  t)  1  Ep,  (**($  |Xj  -  t) 

'V.  % 

since  (p2,  ...,  p£)  majorizes  (p2,  ...,  pk).  On  the  other  hand, 

PpfX^  <  t)  *  PpiCXj^  <  t)  and  Pp(X^  =  t)  ■  P  ,(X^  *  t)  since  these  probabilities 
depend  only  on  p^  and  p^  =  p£.  Hence 

Wlp  ■  PpC»i  «  O  *  EpC^CpIXj  ■  OPpO^  -  t) 

>  Pp,(x1  <  t)  +  E ,(*;(X)|X1  -  t)pp,(x1  *  t) 

%  *V  «v 

It  remains  to  show  that ,  for  any  p  of  the  form  (p ,  . . . ,  p ,  q)  where 
q  *  1  -  (k  -  l)p  and  p  <_  1/k;  E  (jj()  >_  E  ij<? (£) .  By  examining  the  derivative 

r.j  P0 

of  p  (1  -  (k  -  l)p)  with  respect  to  p,  it  is  easily  verified  that  this 

expression  is  a  non -decreasing  function  of  p  on  0  <  p  <  1/k  if  x^  <  n/k.  If 

P*  >  P  (X.  <  n(k  -  l)/k)  then  t  >_  n  -  n/k.  Thus  t|i?(x)  <  1  implies  x.  5.  n/k. 

P0  A  ^  H“X.  *  X, 

This  further  implies  that  if  i|iJ(jc)  <  1  then  Pp(X  =  £)  »  n!  p  (1  -  (k  -  l)p)  / 

(Xj!..^!)  <  n!  (1/k)  \l  -  (k  -  l)(l/k))XR;/(x1!...xk:)  -  -  $).  Let 

T  »  <l»*(jc)  *  0}.  Then 


yw  - 1  -  Vr  y*  -  *)  -  a  -  *)i^)  ys  ■  *> 

-y^- 

This  verifies  the  middle  equality.  | | 

The  result  of  Nevius,  Proschan  and  Sethuraman  used  in  the  above  proof 
was  also  proved  by  Rinott  (1973). 

Further  values  of  P*  for  which  <|»*  will  satisfy  the  P*  condition  are  given 
by  Theorem  3.2. 

Theorem  3.2.  Let  P*  =  P_  (X,  <  t)  for  some  t.  Then  infJP(CS|**)  -  P*. 

&  1  K 

Proof.  If  P*  =  P  (X1  <  t),  then  **(x)  *  1  if  Xj  <  t  and  <|/*(jc)  -  0  if  Xj.  >  t. 

The  equality  follov.’s  from  the  MLR  property  of  the  binomial  distribution.  1 1 
The  values  of  P*  specified  by  Theorem  3.2  correspond  to  certain  single 
rules,  investigated  by  Nagel  (1970),  for  selecting  the  most  probable  cell. 

Henceforth  it  will  be  assumed  that  P*  was  chosen  so  that  the  condition  of 
either  Theorem  3.1  or  3.2  is  satisfied.  Hie  restriction  used  in  the  proof  of 
Theorem  3.1  that  Pp(X  =  x)  <  Pp  (X  =  ^)  for  all  %  with  </»*(x)  <  1  is  rather  strong. 
The  fact  that  4>*  satisfies  the^P* -condition  for  some  smaller  values  of  P*  ,  as 
given  by  Theorem  3.2,  leads  the  author  to  believe  that  satisfies  the 
P* -condition  for  a  wider  range  of  values.  But  this  has  not  been  proven. 


4.  MINIMAX ITY  AND  ADMISSIBILITY  OF  THE  SELECTION  RULE  »*.  In  this  section  the 
minimaxity  and  admissibility  of  the  selection  rule  ,  defined  by  (3.1)  and 
(3.2),  in  the  class  of  rules  Dp1t  with  respect  to  the  loss  S'  is  proven.  First 
the  minimaxity  of  <|»*  will  be  investigated. 


8 


Theorem  4.1.  If  P*  >  P_  (X,  <  n/2)  -  (k  -  1)P_  (£  »  (n/2,  n/2,  0,  ...  0))/2 

p0  T  pQ^ 

then  <|i*  is  minimax  with  respect  to  S' . 

Remark  4.1.  If  n  is  an  odd  number,  the  second  term  in  this  lower  bound  for 
P*  is  zero.  The  only  case  in  which  this  lower  bound  is  larger  (more  restrictive) 
than  the  bound  given  in  Theorem  3.1  is  if  k  =  2  and  n  is  even.  In  this  case, 
this  bound  is  the  same  as  that  given  in  Section  3  to  ensure  <J»*(x)  >_  1. 

The  following  two  lemmas  will  be  used  in  the  proof  of  Theorems  4.1  and 

4.2. 


Lemma  4.1.  (a)  If  <//  c  V  then  E  v  i(X)  P*  for  1  1  i  S  k. 

(b)  The  minimax  value  for  S'  is  (lc  -  1)P*. 

(c)  If  <l>  is  minimax  then  Jf^E  <J^(3p  *  (k  ”  1)P*. 

•sP 


Proof.  These  facts  follow  from  the  observation  that  E^QC)  is  a  continuous 
function  of  for  any  selection  rule  and  Pq  can  be  considered  as  the  limit  of 
a  sequence  of  parameter  points  for  which  p^  *  p^ j  <  p^-j*  ^  Th®01"011  3.1 

of  Berger  (1979a)  for  a  similar  proof  with  more  details.  | | 


Leiraa  4.2.  If  P*  >  P  (X,  <  n/2)  -  (k  -  1)P„  (X  -  (n/2,  n/2,  0,  ...,  0))/2 

k  £o  1  B°  L 

then  S(^)  *  liui  ♦*($)  is  a  Echur  concave  function  of  jc  on  the  sample  space. 


Proof.  The  inequality  assumed  for  P*  and  the  definition  (3.2)  of  i|i*  implies 
either  t  >  n/2  or  t  *  n/2,  y  =  (n/2,  n/2,  0,  ...,  0)  and  a  h-  (Recall  t 
is  defined  to  be  an  integer) .  Suppose  jc  majorizes  Without  loss  of 


generality  it  will  be  assumed  that  x^  >  X2 
Let  f(c,  $  -  c  l. 


>  xk  and  yj  >  y2  l  • • •  1  yk* 


•  •  • 
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Case  1:  y,  <  t  or  y,  =  t  and  f(c,  y)  <  M.  Then  S(y)  *  k  >_  S(jc). 

— - 11  'Vz  'Vi 

Case  2:  y  =  t  =  n/2,f(c,  y)  3  M.  Then  y  e  A(n/2,  n/2,  0,  0).  Since  £ 

■  1  'V/  'b 

majorizes  either  jc  e  A(n/2,  n/2,  0,  . ..,  0)  or  >  t.  In  the  first  case 
S(^)  »  S($)  and  in  the  second  case  S(y)  =  (k  -  2)  +  2a  >.  (k  -  1)  S(jc)  since 

a  >_H‘ 

Case  3:  y1  3  t  >  n/2.  Since  ^=1  =  n  =  I*=1  Yv  ^  >  vJ1  “"P1165 

<  n/2  <  t  and  y^  <  n/2  <  t  for  2  <  i  <  k.  So  *  k  -  1  -  1^- 2  ^i^‘ 

If  xx  >  yr  **(#  1  0  3  **Qc).  If  xx  3  yr  then  (xr  ...»  xk)  majorizes 
(y^,  ...»  yk).  is  a  Schur  concave  function  of  (X2>  •••>  x^)  f°r  fix^  x^ 

(as  in  the  proof  of  Theorem  3.1)  so  **(y)  1  <^($)-  In  either  case>  SM  -  * 

Case  4:  yx  >  t.  As  in  Case  3,  xt  <  n/ 2  <  t  and  yi  <  n/2  <  t  for  2  <  1  <  k  so 

S(y)  3  k  -  1  3  SCjc)  •  I! 

^i 

Proof  of  Theorem  4.1.  SQc)  is  a  Schur  concave  function  of  x  by  Lemma  4.2.  By 
Application  4.2a  of  Nevius,  Proschan  and  Sethuraman  (1977),  EpSQC)  ^i=l^p^i 
is  a  Schur  concave  function  of  £  and  thus  is  maximized  at  By  the  definition 
of  **,  E  SQC)  3  kP*.  Fix  p.  Assume  p^  =  P[ir 

Po 

(k  -  1)P*  3  kP*  -  P* 


By  Lenina  4.1b,  is  minimax  with  respect  to  S’ .  1 1 
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Remark  4.2:  The  proof  of  Theorem  4.1  also  shows  that  is  minimax  with 
respect  to  the  loss  S,  the  number  of  populations  selected,  which  was  investi¬ 
gated  by  Berger  (1979a),  Bjemstad  (197G)  and  many  others.  See  these  tvro 
papers  for  further  references.  But  no  admissibility  claims  can  be  made  for 
1 1>*  for  the  loss  S. 

Now  the  admissibility  of  ip*  will  be  proved. 

Theorem  4.2:  i|»*  is  admissible  with  respect  to  S'. 

Proof.  By  Theorem  2,  page  156  of  Ferguson  (1967),  it  suffices  to  prove  that 

is  admissible  in  the  class  of  pemutation  invariant  rules  in  D p*.  Let 

p  *  (p,  q,  ...,  q)  where  (k  -  l)q  +  p  =  1  and  1  -  e  <  p/q  <  1  for  the  e  specified 
% 

by  Leuma  3.1.  For  any  invariant  rule  4> 


=  1/(x1-'...xk!) 


By  Lemma  4.1a,  every  permutation  invariant  rule  in  V  satisfies  Ep  ^ QC)  >  P*. 
By  the  Neymann-Pearson  Lemma  (See  Lehmann  (1959))  any  such  individual 
selection  probability,  <j»j,  which  minimizes  Ep(S'  |i|>)  must  satisfy 

f1  c!nSi-2|Pj/o)Xi  *  C^n 
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where  C  is  a  constant  and  the  factorials  have  cancelled  from  both  sides  of 
the  inequalities.  This  is  equivalent  to 


(4.1) 


x. 


1  l-  ,c  1  <  M 

Li=2 


where  c  =p/qand  M  =  C/(qk)n.  (4.1)  is  the  form  given  by  (3.1)  and,  since 

1  -  e  <  p/q  <1,  (4.1)  is  of  the  form  (3.2)  be  Lemma  3.1.  Furthermore,  by 

k  xi 

Lenina  3.1  the  set  of  jc  in  the  sample  space  for  which  2C  1  ■  M  is  A(y)  for 
some  y.  Since  ^(jc)  is  invariant,  ^(jc)  is  constant  on  A(y).  So  i^(jc)  must 
be  exactly  of  the  form  (3.2).  (The  Neyman- Pearson  Lemma  would  have  allowed 
different  values  of  a  for  different  jc's  in  A(^)) .  Thus  <|>£  corresponds  to  the 
unique  permutation  invariant  rule  in  D which  minimizes  E  (S'  |<(/) .  Thus  i|»*  is 
admissible  among  the  permutation  invariant  rules  in  0p*.  || 

The  le suits  of  Sections  3  and  4  shov/  that  for  fixed  values  of  k  and  n, 
if  P*  is  sufficiently  large,  <;*  is  minimax  and  admissible  with  respect  to  S' . 
This  result  could  be  extended  if  <|»*  could  be  shown  to  satisfy  the  P* -condition 
for  smaller  values  of  P*  since  the  bound  on  P*  in  Theorem  3.1  is  usually  the 
largest.  More  work  is  needed  to  find  minimax  and  admissible  selection  rules 
for  smaller  values  of  P*. 

The  problem  of  selecting  a  subset  containing  the  most  probable  cell 
also  leads  to  rules  of  the  form  (3.1)  where  now  c  >  1.  But  the  author  has  been 
unable  to  verify  the  P* -condition  except  in  certain  special  cases  corresponding 
to  Theorem  3.2.  This  problem  too  requires  further  investigation. 
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